INTRODUCTION
Mathematical models of instability of a liquid film between a deformable fluid interface and a solid wall are important for a number of applications of multiphase flow. The fluid interface in the present context is a boundary between liquid and vapor or gas, although some of the results discussed here are applicable to liquid-liquid interfaces as well. When the interface approaches the wall, the film can rupture, resulting in the formation of a three-phase contact line. The overall dynamics of many types of multiphase flows encountered in applications depends on these local phenomena. In microfluidic devices, drops and bubbles transported through a channel can slow down as a result of rupture of the film separating the fluid interface and the wall since the presence of such film is essential for maintaining the microfluidic transport efficiency, as discussed, e.g., in Ajaev and Homsy (2006) . In cooling systems based on thin-film flows driven by either gravity or shear stresses at the liquid-gas interface, formation of dry spots results in significant reduction of heat flux from the heated wall, as shown experimentally by Kabov (2000) . Liquid films flowing under gravity over a localized heater on vertical or inclined flat plates rupture for sufficiently high values of the heat flux generated by the heater. These experimental observations are important for developing guidelines to avoid rupture in cooling systems for industrial applications.
Stability of thin films separating solid and gas phases is important for studies of interaction between solid particles and gas bubbles. Of particular importance for these studies are the conditions when particles become attached to air bubbles as a result of rupture of the liquid film separating them. The main application of this work is froth flotation (Nguyen and Schulze, 2004; Rao, 2004) , an important step in mineral processing during which particles of valuable minerals in a liquid tank become attached to rising air bubbles and thus separated from the gangue, i.e., commercially worthless part of the raw ore deposit that remains near the bottom of the tank. Typical minerals in froth flotation are metal sulfides, which then undergo further processing until pure metals such as copper, lead, and zinc are produced. Similar techniques are successfully applied in the coal industry and, more recently, for the de-inking process in paper recycling (Drelich and Miller, 2001) .
Several recent studies of liquid film rupture have been motivated by dynamics of the tear film in the eye and are discussed in detail in Braun (2012) . The tear film forms after each blink and is essential for providing a high-quality optical surface at the front of the eye and also for protection against dust and bacteria. A medical condition called the dry-eye syndrome (DES) occurs when the tear film ruptures too quickly after the blink, usually within a few seconds. Understanding the causes of this rupture is essential for developing treatment strategies for DES.
There are situations when the surface tension of an initially flat film is highly non-uniform, e.g., due to rapid localized heating or addition of surfactants. The models of film dynamics under these conditions are discussed by, e.g., Jensen and Grotberg (1992) and Ajaev and Willis (2006) and are beyond the scope of the present review. Our objective is to focus on situations when film breakup is a result of intrinsic instability rather than imposed surface tension gradients. Only liquid films on solid substrates are considered, so the topics of free film stability and bubble coalescence are not discussed. The review is organized as follows. We start by discussing the theoretical models of film rupture under the isothermal conditions. The two key mechanisms of growth of infinitesimal perturbations of the film surface are the London-van der Waals dispersion forces and the electrostatic effects; both of these are discussed in detail, followed by a survey of models of rupture by heterogeneous nucleation. Then, the break-up of nonisothermal films due to the effects of thermocapillarity is discussed under the conditions when the effects of phase change (evaporation or condensation) are negligible. A discussion of liquid film dry-out in situations when phase change is important, e.g., in the context of boiling, can be found in a recent monograph by Peles (2012) . Finally, we provide a brief overview of experiments on film rupture and discuss their connection with the predictions of the theories. We do not, however, provide a comprehensive review of experimental studies of rupture since the main focus of the present paper is on the theoretical and numerical results.
INSTABILITY MECHANISMS FOR ISOTHERMAL FILMS

London-van der Waals Dispersion Forces
A uniform film of a nonpolar liquid on a solid substrate in the absence of contamination and electric charges can become unstable for sufficiently small thickness d (typically of the order of 100 nm or less) due to the action of the London-van der Waals dispersion forces. Their origin is due to fluctuations of dipole moments of molecules, leading to electromagnetic interactions of dipole-dipole type as discussed by Derjaguin et al. (1987) and Israelachvili (2011) . The continuum description of these interactions involves corrections to the chemical potential in the liquid film in the form
where µ 0 is the chemical potential of the liquid in the bulk phase (i.e., in the limit of macroscopic film thickness d), ν l is the molar volume of the liquid, and Π is the so-called disjoining pressure, usually written in the form
Here A is a dimensional constant which depends on the properties of the fluids involved and the solid material. It is referred to as the Hamaker constant and its values are typically on the order of 10 −20 J. Eq. (2) is valid for values of film thickness d much smaller than the characteristic wavelength λ a in the absorption spectrum of the liquid. The values of λ a can be obtained by studying the absorption of electromagnetic waves by the dielectric liquid medium at different wavelengths. In the opposite limit of d λ a , a different analytical approximation can be derived, leading to disjoining pressure being inversely proportional to d 4 . The latter approximation incorporates the effects of retardation (due to the finite value of the speed of light) in the description of fluctuating electromagnetic fields.
The London-van der Waals forces can lead to the instability of the liquid film on a solid substrate when the Hamaker constant A is positive. This instability has been investigated theoretically by several authors. Early models of the instability developed by Ruckenstein and Jain (1974) address the linear stability criteria, determined by the interplay between the disjoining pressure and the surface tension. The mechanism of the instability can be understood by considering a small perturbation of an initially flat fluid interface, as sketched in Fig. 1 . The disjoining pressure Π at a point A just below the interface is lower in magnitude than at a point B since the film thickness is greater at the point A. Thus, the flow driven by disjoining pressure will be directed from B to A, resulting in further increase of the film thickness at the point A and film thinning at the point B. The surface tension, however, is stabilizing since the curvature κ is negative at the point A and positive at the point B. Note that we use a two-dimensional model here, so possible variations of curvature in the direction normal to the plane of the sketch are not considered. Based on the 
where σ is the surface tension. The fastest growing mode of the linear stability theory corresponds to k 2 = 3A/(2 σd 4 ) so its wavelength λ is given by
Since the quantity A/σ is of the order of molecular length scales, the wavelength λ is much larger than the thickness for films considered within the continuum-level description. Therefore, a lubrication-type approximation can be used to describe the nonlinear dynamics of such films. In this approach, developed in the pioneering works of Williams and Davis (1982) and Burelbach et al. (1988) , the fluid flow problem is reduced to a single evolution equation for the film thickness. Based on the numerical solution of this equation with a sinusoidal initial perturbation, it was found that the growth rate of the perturbation in the nonlinear regime is significantly higher than the value predicted by the linear stability theory. The simulations in the nonlinear regime were conducted up to the point when the minimum film thickness reached zero, resulting in the determination of the rupture time.
The work of Zhang and Lister (1999) focused on further development of the techniques for mathematical modeling of nonlinear rupture driven by the London-van der Waals dispersion forces. In particular, they found self-similar solutions describing final stages of film rupture, which incorporate the physical effects of disjoining pressure, surface tension, and viscosity. The minimum film thickness at the late stages of rupture is shown to decrease with time t as (t R − t) 1/5 , where t R is the rupture time. Furthermore, a numerical finite-difference method for accurate simulations of rupture dynamics was developed, based on nonuniform spatial mesh and adaptive time stepping. Alternatively, the so-called positivity-preserving numerical schemes (Zhornitskaya and Bertozzi, 1999) can be used to accurately detect the point of liquid film rupture without extensive mesh refinement.
The lubrication-type approach has been extended to three-dimensional situations, when the interface is represented by an evolving two-dimensional surface, and is used by, e.g., Sharma and Khanna (1998) and Schwartz et al. (2001) to study complex patterns formed as a result of breakup of thin liquid films on solid substrates.
Electrostatic Effects
The theoretical studies of the London-van der Waals rupture discussed in the previous subsection are important for establishing the lubrication-type framework for stability theories and for developing advanced analytical and numerical methods used to describe film rupture. However, the results of these studies are not directly applicable to several situations of practical importance. Since the Hamaker constant for films of water and aqueous solutions on typical substrates is in fact negative, such films cannot rupture through the London-van der Waals mechanism. Thus, other mechanisms of instability have to be investigated in order to explain experimentally observed rupture. Several studies reviewed by, e.g., Churaev (2003) pointed to the importance of the electrostatic effects. Let us briefly review the models of aqueous solutions containing ions and then discuss their application to electrostatically driven thin film rupture.
Electric charges are always present in water and aqueous solutions in the form of ions. Contamination and chemical reactions of dissociation, both in the bulk (for water molecules) and near the surface (for various surface groups) are the sources of ions. For example, when water is in contact with glass, ionization of the solid leads to the appearance of negatively charged surface groups. Similar processes take place at metal surfaces covered with oxide layers. Consider a flat solid surface carrying a negative electric charge of uniform density. It is clear that cations in the liquid will be attracted to the solid and anions repelled from it, but thermal motion will counteract these tendencies. As a result of the balance between these two physical effects, a certain equilibrium distribution of electric charges will be established near the solid, with excess positive charge near the solid-liquid interface, as schematically shown in Fig. 2 . Liquid is assumed to be electrically neutral away from boundaries, so the density of electric charges will be nonzero only in the so-called electrical double layer. Assuming there are several types of ions in the liquid, of valencies z i , the condition of constant electrochemical potential (Probstein, 1989) leads to the following formula for ion concentrations n i in terms of the electric potential ψ:
Here e is the elementary charge, k B is the Boltzmann constant, T is temperature, and n
i denotes ion concentrations under the condition of ψ → 0, which is usually far away from the solid surface. By combining the classical Poisson's equation of electrostatics and Eq. (5), the Poisson-Boltzmann equation for the field is obtained in the form
where ε is the dielectric permittivity of the liquid. Both analytical and numerical methods for solving Eq. (6) can be used, as discussed, e.g., in Probstein (1989) and Kirby (2010) . Without getting into the details of these methods, we note that for a flat uniformly charged solid surface in contact with a semi-infinite region of electrolyte, the characteristic width of the diffuse part of the double layer is defined by the Debye length,
Typical values of the Debye length are between 1 and 100 nm for ionic solutions and about 1 micron for pure water. larger than λ D , but become significant when the two are comparable so that there is an overlap of the double layers formed near the solid surface and the liquid-gas interface. In particular, the electrostatic effects in such films can result in rupture when the signs of charge densities at the two interfaces are opposite. While early theoretical works often assumed that liquid-gas interfaces are not charged (de Gennes, 1985) , experimental investigations by, e.g., Ciunel et al. (2005) and Takahashi (2005) present convincing evidence that air-water interfaces carry negative electric charge. Therefore, water films on positively charged solid substrates can rupture due to electrostatic effects. The linear and nonlinear stability theories for thin electrolyte films are topics of current research. Some preliminary results obtained by Ketelaar and Ajaev (2012) using the linearized version of Eq. (6), called the Debye-Hückel approximation, indicate that for the important case of fixed substrate potential ψ 0 and fixed charge density at the liquid-air interface σ el , the film is linearly stable under the conditions
This result is based on the formula for the electrostatic component of disjoining pressure,
where ψ I is the electrostatic potential at the liquid-air interface found by solving the linearized version of (6). The sign of the derivative of Π el with respect to the film thickness determines linear stability, leading to stability bounds expressed by Eq. (8).
Nucleation and the Role of Nanobubbles
In the linear stability theories discussed in the previous sections, the initial perturbation is assumed infinitesimal, which is certainly reasonable if the perturbations are induced by thermal fluctuations and have typical amplitudes of less than 1 nm, as measured by, e.g., Sanyal et al. (1991) using the x-ray scattering techniques. However, in a typical experimental setup, much stronger perturbations are usually present due to contamination by tiny dust particles or surfactant molecules, the presence of small gas bubbles in the liquid and defects on the solid substrates. In the mathematical language, all these factors lead to finite-amplitude rather than infinitesimal perturbations. When a linearly stable state corresponds to a local but not global free energy minimum, i.e., the system is metastable, a sufficiently strong perturbation will result in a transition to a more energetically favorable configuration. Following de Gennes et al. (2004), let us discuss the conditions when a uniform liquid film on a flat solid substrate is metastable. The Gibbs free energy per unit surface area for the liquid film of uniform thickness d is given by σ + σ sl + ρgd 2 /2, where σ sl is the surface tension at the solid-liquid interface and the last term is the hydrostatic contribution, g being the acceleration of gravity and ρ being the liquid density; the disjoning pressure is neglected here. The film is metastable when a configuration with partially dry solid corresponds to a lower energy. Suppose α is the fraction of the solid covered by nearly flat regions of the liquid film with dry regions between them, as illustrated in the cross-sectional sketch in Fig. 3 . The total free energy of the system in this configuration is 
where σ sg is the surface tension at the solid-gas interface. Here we assume that the difference between the total areas of the liquid-gas and liquid-solid interfaces is negligible, which is appropriate when the thickness d is much smaller that the horizontal extent of the wetted regions. For a fixed volume of the liquid, α and d are not independent but rather related by αd = c, where c is a constant. Then, the free energy F can be expressed as a function of a single variable d,
A local minimum of this function is reached at
where we use the equilibrium contact angle θ, related to the surface tensions through the Young's equation,
For values of d below d crit , the free energy of the configuration shown in Fig. 3 is lower than that of the uniform flat film and therefore the latter is metastable. The argument here is based on comparison of free energies of static configurations, so we use the equilibrium rather than dynamic contact angle. We assume that the film is macroscopic and therefore the disjoining pressure effects are negligible, although these effects can be incorporated into the model by suitable modification of the expression for the free energy, as discussed in de Gennes et al. (2004) and Brochard Wyart and Daillant (1990) . The breakup of metastable films is usually characterized by random distribution of dry patches and is often referred to as heterogeneous nucleation. While the theory of rupture by nucleation is well established, the issue of what provides the actual mechanism for nucleation in a particular experiment is not always clear. The studies of Schulze et al. (2001) and Stoeckelhuber et al. (2004) pointed to the importance of nanobubbles for rupture of thin liquid films on hydrophobic solid substrates. The presence of nanobubbles on hydrophobic substrates was suggested by Yakubov et al. (2000) as an explanation for jumps seen in the plots of the interaction force between two hydrophobic surfaces versus the separation between them. Images of arrays of nanobubbles were obtained by Tyrrell and Attard (2001) using the data from Atomic Force Microscope (AFM) measurements. To exclude the possibility of nanobubbles being an artifact of the AFM measurement techniques, as suggested by some critics, Karpitschka et al. (2012) confirmed their existence using a nonintrusive optical method. However, the role of nanobubbles in the rupture process still remains a matter of some controversy due to lack of simultaneous observation of nanobubbles and interfacial instability leading to film breakup.
It is interesting to note that the presence of nanobubbles also provides a possible explanation for experimental results showing attraction between hydrophobic solid-liquid interfaces not explained by the standard London-van der Waals or electrostatic models of interaction. A common approach to theoretical interpretation of these results was to introduce the so-called long-range hydrophobic attraction. While the theory of hydrophobic interaction at very short distances of the order 10 nm is well established, the physical origin of the long-range hydrophobic attraction has not been clarified. Meyer et al. (2006) point out that the nanobubbles or presence of charge nonuniformities at the solid boundaries can explain many previous experimental results on the long-range hydrophobic attraction without the need to introduce any new physical effects.
FILM RUPTURE DUE TO THERMOCAPILLARITY
When a liquid film is on a heated surface, the situation is more complicated than the isothermal case. First, evaporation is likely to play a role, resulting in gradual thinning of the layer. Second, even for layers of uniform (or nearly uniform) thickness, the liquid in the film is not necessarily at rest. Formation of convection patterns in such layers is possible when the Marangoni number is above a critical value, as discussed, e.g., in Nepomnyashchy et al. (2002) . The studies of film rupture in heated layers can then be divided into two categories, depending on the nature of the base state. If the base state corresponds to fluid without any convection patterns, the approach to stability analysis and nonlinear simulations is similar to the isothermal case and is discussed in detail, e.g., in Oron and Rosenau (1992) [see also Oron et al. (1997) for a review].
For the base state involving convection patterns, the coupling between film deformations and changes in these patterns has to be taken into account. Boos and Thess (1999) considered such coupling in a two-dimensional configuration in the limit of small Reynolds number and used the boundary integral method to describe the viscous flow in the film and interface deformation. Oron (2000) used the long-wave approach to study the three-dimensional evolution of convection patterns in films with deforming interface on a uniformly heated substrate. The approach has been extended to the case of nonuniform heating of the substrate by Yeo et al. (2003) .
EXPERIMENTAL STUDIES
Since the main focus of the present review is on mathematical models of thin films, we do not attempt to provide a comperensive review of the broad subject of experimental studies of film rupture. Instead, we briefly discuss several well-known works which provided the experimental confirmation of the models discussed in the present review and then proceed to survey several recent experimental studies which we believe will stimulate the development of novel mathematical models.
Polymers and Molten Metals
It has been well established that the Hamaker constant for polystyrene films on silicon substrates is positive, so this system was the focus of a number of studies of rupture driven by London-van der Waals dispersion forces, starting with the pioneering experiments of Reiter (1992) . However, in these early experiments it turned out to be difficult to distinguish between truly unstable films, ruptured via amplification of surface deformations by London-van der Waals dispersion forces, and metastable films ruptured via heterogeneous nucleation. Bischof et al. (1996) used molten metal films on fused silica substrate to obtain experimental observation of both rupture mechanisms in the same system. The dewetting of polymer films was revisited by Xie et al. (1998) who clarified the different rupture regimes for this experimental system. Thiele et al. (1998) were able to observe both mechanisms of rupture in evaporating films of collagen solution, with heterogeneous nucleation being the dominant mechanism at higher values of the thickness.
Isothermal Films of Water and Aqueous Solutions
Early experimental studies of rupture of aqueous salt solutions were conducted by Blake and Kitchener (1972) . They used a clean silica surface, on which water is perfectly wetting, and methylated silica which is hydrophobic. For both cases, stable films were observed for a range of salt concentrations, with equilibrium thickness decreasing as the concentration was increased. For methylated silica, the films lost stability and ruptured at sufficiently high concentration. For example, in films of aqueous solution of KCl on methylated silica, the breakup was observed at the concentration of 0.86 × 10 −2 kg · mol · m −3 and the minimum recorded stable film thickness was 64 nm. Film thickness measurements were conducted using interferometry.
Detailed studies of rupture of thin aqueous liquid films were conducted by Schulze et al. (2001) and Stoeckelhuber et al. (2004) using microinterferometry to record film thickness and high-speed camera to record rupture and subsequent growth of dry patches. For the regime when both London-van der Waals and electrostatic interactions are stabilizing, metastable films were observed and their breakup was explained by the presence of nanobubbles. To study unstable films, the sign of electrical charge of the substrate was altered by adding AlCl 3 to the KCl solution. As a result, Al 3+ ions were adsorbed at the silica surfaces and made it positively charged. Since the charge at the liquid-air interface is negative, this resulted in rupture through the amplification of thermal fluctuations as the film is linearly unstable.
Rupture of Films on Heated Surfaces
Orell and Bankoff (1971) studied ethanol films on a heated substrate and slowly increased the heat flux until the film ruptured. Heating was provided by an embedded nichrome strip, and the temperature was measured using thermocouples. The threshold heat flux for rupture was found to increase with film thickness. Convection patterns were observed prior to rupture. Burelbach et al. (1990) investigated rupture of a silicon-oil layer on a steel plate experimentally and made comparisons with the long-wave stability analysis. They used a long heater to obtain a nearly two-dimensional picture of the flow. They also observed a thin film (of thickness less than 1 µm) on the macroscopically dry area of the substrate, but the accuracy of the experimental measurement of film thickness did not allow them to obtain data on the exact values of such thickness. Extensive experimental studies of films with thermocapillary patterns were conducted by VanHook et al. (1997) and included the experimental recordings of film rupture. A detailed review of the literature on the topic of experimental observations of thermocapillary instabilities is given by Schatz and Neitzel (2001) .
Studies of rupture of liquid films flowing down vertical or inclined heated surfaces have been conducted for a range of heating intensities and flow conditions by Kabov (2000) , Chinnov et al. (2001) , and Zaitsev et al. (2007) . A remarkable feature of this configuration is the formation of regular structures of rivulets not seen in the isothermal films (Kabov, 1998; Chinnov and Kabov, 2003) ; the rivulets are separated by thin films covering the solid. The rupture in such films was observed by Kabov (2000) and Zaitsev and Kabov (2005) . Zaitsev et al. (2007) used fiber optical thickness probe to investigate rupture for a range of flow and heating conditions. They conducted experiments with films of water flowing down an inclined plane at inclination angles between 3
• and 10
• . Heating was suppplied by a heater of dimensions 150 mm × 150 mm for a range of flow rates.
The thickness is measured using the noncontact fiber optical probe placed above the film. The position of the film surface is found from the reflection of a light beam from the film surface. The light beam from a halogen lamp travels through the emitting optical fiber and the reflected light is received by another optical fiber and then sent to the photodetector. The local film thickness is found based on the intensity of the reflected signal. A more detailed description of the experimental technique can be found, e.g., in Zaitsev and Kabov (2005) .
Without heating, the usual flow patterns are observed, in agreement with previous results on isothermal films (Alekseenko et al., 1994) . When the heating is introduced, formation of regular structure of long rivulets separated by thin films is observed, similar to the ones seen in previous experimental studies of flows on inclined heated surfaces (Chinnov and Kabov, 2003) . Note that film thickness between rivulets depends on the heat flux. Then, a rupture was observed in the thin films that separated the rivulets, as seen in Fig. 4 . The Reynolds number referenced in the caption is based on the specific liquid flow rate. The critical intermediate film thickness was detected at the values of 60 µm independent from overall configuration and parameters such as the Reynolds number.
The critical film thickness for rupture of the nearly flat liquid layer on a solid substrate can be estimated from the following considerations. Suppose the substrate is maintained as a constant temperature T s , the gas phase above the liquid film and far away from the liquid surface is at temperature T ∞ , and the heat transfer coefficient from the liquid to the gas phase is α th . Based on the linear stability theory prediction for the growth rate of a sinusoidal perturbation of a wavelength L [see, e.g., Eq. (2.65) in Oron et al., (2007) ], the condition of stability can be written as
where k th is the thermal conductivity of the liquid, and γ is the slope of the surface tension curve versus temperature. Gravity is neglected since in the experiment it does not play a significant role, as was verified by varying the inclination angle. Using the value γ = 1.5 × 10 −4 N/mK, the rough estimate of the wavelength as L = 5 mm, and the relation between the measured heat flux q and the heat loss coefficient, q = α th (T i − T ∞ ) (T i is the interfacial temperature), the critical thickness value estimate is consistent with the experimentally observed values.
Studies of evaporating films on different heated surfaces were also conducted by Gong et al. (2011) . They found the value for critical thickness for water to be in the range of 60-150 µm.
While there is a significant amount of data on rupture on heated surfaces, as discussed above, the development of mathematical models for this situation is limited. This is especially true for configurations characterized by compli- cated interface shapes, i.e., regular structures, and also for situations when evaporation and condensation can play a significant role. Theoretical studies of such configurations offer an important direction for future research.
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